Abstract. The relationship between xed point theory and K {theory is explained, both classical Nielsen theory (versus K 0 ) and 1{parameter xed point theory (versus K 1 ). In particular, various zeta functions associated with suspension ows are shown to come in a natural way as \traces" of \torsions" of Whitehead and Reidemeister type.
x1. Introduction
Consider the following facts:
1. In modern geometric topology, K {theoretic obstructions to achieving desirable geometric goals sometimes occur. 1991 Mathematics Subject Classi cation. Primary 55M20; Secondary 19D55, 57R80, 58F20.
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Typeset by A M S-T E X 4. It sometimes happens that a geometric problem is obstructed by an element in some K {group, while an obviously related xed point problem is obstructed by the Hochschild homology element Tr ( ).
5. It sometimes happens that a xed point problem is obstructed by a Hochschild homology element which is not in the image of the trace Tr .
6. On the other hand, it sometimes happens that lies in the image of the trace and in this manner one is led to an interesting K {theoretic obstruction which was not previously evident.
We lay out these facts in this paper in some detail. Examples of Fact 4 are given in x2 and x3, of Fact 5 in x2 and x5, and of Fact 6 in x4. While the necessary theorems have already appeared in G 1 ] and GN 1?4 ], they have not been previously presented from the point of view expressed here. This paper is an expanded version of the talk given by one of us (Geoghegan) at the Warsaw meeting.
x2. Classical Nielsen Theory and K 0 Let f : (K; v) ! (K; v) be a pointed cellular map on a nite CW complex, inducing : G ! G on fundamental groups. Let G be the set of semiconjugacy classes with respect to , where g 1 ; g 2 2 G are semiconjugate if there exists g 2 G with g 1 = gg 2 (g) ?1 . The Nielsen theory of f is encoded by the Reidemeister trace R(f; v) 2 ZG , the free abelian group generated by G . The geometric de nition of R(f; v) is:
where is the well-known injection of xed point classes to semiconjugacy classes, and (f; F) 2 Z is the index of f at the xed point class F (see B] or GN 1 , x1(B)]). Choose an orientation for each cell of K . Let (K;ṽ) be the universal cover of (K; v) , orient the cells ofK compatibly with those of K , choose one cell in each G{orbit of cells to get a 2 free ZG {basis for the cellular chains C (K) . The algebraic de nition of R(f; v) is:
where q : ZG ! ZG extends the function which sends each g 2 G to its semiconjugacy class (see GN 1 , x1(B)]). Here, C (K) is regarded as a right ZG module, andf k denotes the ZG {matrix whose (i; j) th entry is the coe cient of the i th k{cell in the image of the j th k{cell (considered as basis elements); see GN 1 , x1 (B) ].
The assertion that these two de nitions are equivalent is essentially due to Reidemeister R] and Wecken W]; see, for example, G 2 ] for a proof.
In this section we will assume that is the identity endomorphism 1: G ! G, and G 1 will denote the set of conjugacy classes of G. So R(f; v) 2 ZG 1 .
We recall the de nition of K 0 (ZG) andK 0 (ZG). Denote the isomorphism class of a nitely generated projective ZG {module P by P]. The abelian group K 0 (ZG) is de ned to be the free abelian group generated by all such P] modulo the relations P] + Q] = P Q]. Let fPg be the corresponding element of K 0 (ZG). There is a natural homomorphism Z ! K 0 (ZG) taking 1 to fZGg. The cokernel,K 0 (ZG), is the reduced projective class group of the ring ZG . We write : K 0 (ZG) !K 0 (ZG) for the quotient homomorphism. For us, the only relevant property ofK 0 (ZG) is distinguishing zero from non-zero elements: (fPg) = 0 if and only if P is stably free, i.e. the direct sum of P with some nitely generated free module is a free module. See, for example, Br, p.201 So a homotopy idempotent f : (K; v) ! (K; v) always gives rise in this way to a nitely dominated complex X ; indeed X is unique up to homotopy equivalence. Conversely, given X , a homotopy idempotent f = u d: (K; v) ! (K; v) can always be chosen which splits through X and satis es f # = 1: G ! G. Finally, if f 0 : (K 0 ; v 0 ) ! (K 0 ; v 0 ) is another homotopy idempotent splitting through X then R(f; v) and R(f 0 ; v 0 ) encode the same information (same Nielsen numbers, same indices, canonically corresponding xed point classes). For more on all this, see G 1 ].
In view of what has been said, we will assume in what follows that u and d induce isomorphisms on fundamental groups and we will identify 1 (K; v) with 1 (X; x) via d # , calling both groups G.
Next, we discuss the Wall obstruction (X) 2K 0 (ZG) of a nitely dominated space X whose fundamental group is G. This is de ned in Wa]; for a helpful relevant discussion, see Br, ch. 8], especially page 201. When f does not induce the identity on the fundamental group (and is not \equivalent" to a map g which does, i.e. f = r s and g = s r) it is not clear to us if K 0 of some other ring might replace K 0 (ZG) giving R(f; v) in the image of some sort of K {theoretic trace.
Finally, we remark that from an algebraic point of view, it is useful to view ZG 1 as the 0 th Hochschild homology group HH 0 (ZG) of the ring ZG . This could be avoided up to now, but must be confronted in the next section.
x3. The s{Cobordism Theorem and a related one-parameter fixed point problem
In this section we recall 1{parameter Nielsen theory and the s{Cobordism Theorem, and we relate the two via the K {theoretic trace.
(A) One-parameter Nielsen xed point theory. Let By transversality, we can perturb F rel M f0; 1g so that Fix(F) consists of transverse circles in the interior of M I which, for all but nitely many values of t, cross M ftg transversely, and other path components of xed points each of which meets M f0; 1g. If (x; t) lies in such a circle crossing M ftg transversely, orient the circle in the direction of positive time if (F t ; x) is positive, and in the other direction if it is negative; see DG, x8 and x11] for details.
We are only interested in the circles, indeed in circles not in the same xed point class as any xed points in M f0; 1g. 1 Let V be such a circle, let (x; t) 2 V , let be a path in M I from (v; 0) to (x; t), and let ! be the loop based at (x; t) obtained by traversing V once in the direction of its orientation. With notation as above, we have, as previously indicated, that the corresponding element, h, of G lies in Z(g C ). In this way, we associate with V an element of H 1 (Z(g C )) = (Z(g C )) ab . If there are two circles V 1 and V 2 in the same xed point class, we reach the same centralizer Z(g C ) from both circles provided the path used for (x 1 ; t 1 ) 2 V 1 is , and the path used for (x 2 ; t 2 ) 2 V 2 is , where p( )F( ) ?1 is homotopically trivial; we treat any ( nite) number of circles similarly. Thus, for each xed point class, F, of F which does not meet M f0; 1g, we have de ned an element (F; F) 2 H 1 (Z(g C )), where g C p( )F( ) ?1 ] represents the conjugacy class C , and (F) = C .
The transverse intersection invariant of F is:
where R(F; v) as an element of HH 1 (ZG).
(B) K 1 , the Whitehead group, and Whitehead torsion.
Let S be a ring with unit, let GL(n; S) denote the general linear group consisting of all n n invertible matrices over S , and let GL(S) be the direct limit of the sequence GL(1; S) GL(2; S)
. A matrix in GL(S) is called elementary if it coincides with the identity except for a single o -diagonal entry. The subgroup E(S) GL(S) generated by the elementary matrices is precisely the commutator subgroup of GL(S) (see C] ) and the abelian quotient group GL(S)=E(S) is, by de nition, K 1 (S). If A 2 GL n (S) the image of A in K 1 (S) is called the torsion of A. Now let U S be a subgroup of the group of units of S . Assume S has the property that any two bases of a nitely generated free module have the same cardinality. Declare two bases of a nitely generated free module to be equivalent if the change of basis matrix represents an element of K 1 (S) which lies in the image of the natural map U ! K 1 (S).
De ne K U 1 (S) coker(U ! K 1 (S)). Let (C; @) be a nitely generated chain complex of right modules over S such that each C i is free with a given equivalence class of bases.
Suppose that C is acyclic. Let : C ! C be a chain contraction. De ne C odd L i odd C i and C even L i even C i . The restriction of @ + to C odd is an isomorphism C odd ! C even and so its matrix with respect to bases chosen from each of the given equivalence classes de nes an element of K 1 (S). The image of this element in K U 1 (S) is independent of the choice of representatives of the equivalence classes of bases (see C]); it is called the torsion of (C; @) with respect to U . The important case for the purpose of this section is S = ZG and U = G. In this case Wh(G) K G 1 (ZG) is called the Whitehead group of G and the torsion of an acyclic complex (C; @) as above is called its Whitehead torsion.
An h{cobordism ( (D) The K {theoretic trace and Nielsen xed point theory.
Let (M; M 0 ; M 1 ) be an h{cobordism with M compact. Let F : M I ! M be a strong deformation retract of M onto M 0 . Then we can perturb F rel M f0; 1g (using relative transversality and ad hoc methods) so that Fix(F) = (M f0g) (M 0 I) transverse circles as described in (B) . Now, (M f0g) (M 0 I) as well as, perhaps, some circles are in the xed point class of the basepoint v. We are only interested in the other circles, namely the ones that make up the components of R(F; v) . Those R(F; v) .
In other words, apart from an ambiguity over the trivial conjugacy class (analogous to the ambiguity in getting fAg from (X) in Theorem 2.1), the one-parameter xed point problem contained in our setup is the \trace problem" associated with the h{cobordism problem. Note that if M is homeomorphic to M 0 I and if F is the \projection" (i.e. (F) , and the corresponding m{periodic orbit class of f is S m?1 j=0 f j (F) , where f 0 (F) F. Note that the xed point classes f i (F) and f j (F) (f; F) (F) to give rst an S {matrix, and then an element of S , namely the trace of that S {matrix.
The representation induces a homomorphism K 1 ( In view of this, we regard the Lefschetz-Nielsen series as a \non-abelian" analogue of the zeta function. The invariant (f; v) was introduced by us in GN 2 ] and is an example of Fact (6) in the Introduction. We discovered it through our study of Tr 1 ( (f; v) ). This is explained in GN 2 ] where we also show that (f; v) depends only on the homotopy class of f and on the simple homotopy type of K . x5. First-order Euler characteristics (A) More on one-parameter Nielsen xed point theory.
Let F : K I ! K be a cellular homotopy where K is a nite CW complex and F 0 = F 1 = id K . Just as in x3(A), we set G 1 (K; v) and identify G with 1 (K I; (v; 0) ); here, v is a vertex of K . And just as in x2, we consider the cellular chains C (K) and C(K): F induces a chain homotopy fD k : C k (K) ! C k+1 (K)g, andF induces a chain homotopy fD k : C k (K) ! C k+1 (K)g. Precisely:D k (ẽ) = (?1) k+1F k (ẽ I) and D k (e) = (?1) k+1 F k (e I) where e is any k{cell of K (with a chosen orientation as in x2). 2 We also have the boundary maps f@ k : C k (K) ! C k?1 (K) These rst order Euler characterisitics appear to be useful new invariants. Applications of 1 (K) to group theory are given in GN 3 ] and to geometry in GNO], while applications of~ 1 (K) to di erential topology and to 3{dimensional Seifert bered spaces are given in GN 4 ].
Remark. The invariant 1 (K) is a natural object from the point of view of algebraic topology; over a eld of coe cients F , 1 (K; F) can be expressed homologically in terms of cap (or cup) products (see GN 3 ]) and higher analogs n (K; F) , n > 1 can be de ned and calculated GNO].
(C) The trace. (1) K triangulates a closed aspherical 3{manifold.
(2) Wh(G) = 0.
(3) K admits the structure of an oriented Seifert bered space and the element 2 ? K given by the S 1 {action on K associated to this Seifert bered space structure is such thatX 1 (K)( ) is not concentrated in the component of the trivial conjugacy class.
Moreover, in these examples the third property persists after passage to the cohomology class~ 1 (K) 
